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Abstract. The matrix elements of the effective Hamiltonian in the 0g9/2-1p1/2 space are determined by a
least-square fit to the energies of 477 levels of nuclei with 38 ≤ Z ≤ 50 and 47 ≤ N ≤ 50. The results of
the calculation are found to be in better agreement with experiment than those obtained with previously
determined interactions.
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1 Introduction

Early shell-model studies [1–7] of nuclei with N = 50 neu-
trons and proton number Z in the range 38 ≤ Z ≤ 50
assumed an inert 88

38Sr core and placed the valence pro-
tons in the 0g9/2 and 1p1/2 orbitals of a harmonic os-
cillator. Later, this model was extended to describe nu-
clei with N < 50 neutrons [8,9]. In this case the 50 − N
neutrons were treated as holes to 88Sr occupying, again,
the g9/2 and p1/2 orbitals. Since then calculations in the
g9/2-p1/2 space1 were performed for a variety of nuclei with
38 ≤ Z,N ≤ 50, both in order to interpret observed level
schemes and electromagnetic transitions [10–27] but also
to make predictions about the β+ decay of the proton-rich
nuclei in the vicinity of 100Sn [28–31].

Of course, there is experimental evidence2 that the
gp-space is not adequate to describe all observed prop-
erties of the 38 ≤ Z,N ≤ 50 nuclei. Such evidence is
provided, for example, by the presence of low-lying 3/2−
and 5/2− states in the spectra of 87Sr, 89Y and 91Nb and
of the observed high-spin states in 92Ru [33], 94Rh [34],
93Tc, 94Ru and 95Rh [35]. To describe such data, there
have been attempts to enlarge the model space either by
including the 1p3/2 and 0f5/2 orbitals [36–38] or by al-
lowing particle-hole excitations from the gp-space to the

a e-mail: skouras@mail.demokritos.gr
1 In the following we use, for brevity, the term gp-space in-

tead of g9/2-p1/2 space. In formulae and tables, we also use
p for p1/2 and g for g9/2, while π and ν denote protons and
neutrons, respectively.

2 Unless otherwise stated, all experimental information used
in this work is from the compilation of NNDC [32].

0g7/2, 1d5/2, 2s1/2, 1d3/2 orbitals above [39,40]. However,
the problem with these large model spaces is that the en-
ergy matrices have exceedingly large dimensions, specially
if both Z and N differ from the magic number 50. It is for
this reason, but also for the fact that most nuclear prop-
erties are satisfactorily reproduced in the gp-space, that
calculations employing this simple model are still widely
used for the study of nuclei in the 100Sn region [10–31].

The success of shell-model calculations in the gp-space
can be attributed to two successful determinations of the
effective interaction which is appropriate for this space.
Both these interactions were derived [7–9] by a least-
square fit of the matrix elements of the Hamiltonian to
the energy levels of several N = 50 and N = 49 nuclei.

The first of these interactions, to be hereafter named
SLG, was derived in two steps. In the first step Gloeckner
and Serduke [7] determined the nine 2-body proton matrix
elements and the two-proton single-particle energies, rela-
tive to 88Sr, by fitting them to 45 energy levels of N = 50
nuclei. The second step involved the determination of the
proton-neutron interaction which was accomplished by a
least-square fit to 63 energy levels of N = 49 nuclei [8].
Here the neutron-hole energies were taken from the ex-
perimental spectrum of 87Sr, while the proton part of the
Hamiltonian was that of ref. [7]. Several versions of the
2-body interaction were derived in ref. [8]. The one which
produces best agreement with experiment does not con-
serve isospin, since the 〈pπgν |V |pπgν〉 and 〈gπpν |V |gπpν〉
matrix elements were treated as independent parameters,
which took different values. There is, however, another
version of the SLG 2-body interaction which does con-
serve isospin. This interaction, to be distinguished in the
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following as SLGT, was derived by treating as parame-
ters the 9 T = 0 matrix elements which exist in the gp-
space [8]. The 9 T = 1 matrix elements were then taken
from the proton-proton interaction of ref. [7] by removing
the Coulomb contribution [8]. Thus, the SLGT interac-
tion can be used for studies of nuclei with N < 49. This
feature does not apply to the isospin non-conserving SLG
interaction, since the latter does not contain a 2-neutron
part.

The SLGT interaction was recently used by Herndl
and Brown [26] in a shell-model study of several nuclei
in the 38 ≤ Z,N ≤ 50 range. In contrast, however, to
the original SLGT method, Herndl and Brown ignored
the 2-body Coulomb interaction, while they used common
single-particle energies for protons and neutrons. Their re-
sults, therefore, are obtained in isospin formalism. Binding
energies are obtained by adding the shell-model energy to
the contribution of a 5-parameter formula, which they fit
to the experimental ground-state energies [26].

The other interaction widely used in the gp-space was
derived by Gross and Frenkel [9]. This interaction, to be
herafter called GF, was obtained by a least-square fit to 95
energies of several N = 50 and N = 49 nuclei and of some
levels of the N = 48 nucleus 86Sr. Gross and Frenkel [9]
considered 33 parameters in their fit, i.e. 4 single-particle
energies, 9 2-proton matrix elements and the 20 matrix
elements which describe the interaction of a proton with
a neutron hole. However, their interaction approximately
conserves isospin, since they introduced appropriate con-
straints in the variation of their parameters [9]. Thus, the
GF interaction, like the SLGT, can be used in shell-model
studies of N ≤ 48 nuclei. Recently, this interaction has
become very popular among experimentalists [13–23,27],
who want to compare their results with shell-model pre-
dictions.

Both the SLG and GF interactions were determined
about 25 years ago, i.e. at a time when the experimental
information on the 38 ≤ Z,N ≤ 50 nuclei was much more
restricted than the existing nowadays. Since then only few
attempts have been made to include more data in the
determination of the effective interaction and these were
restricted to the proton interaction only [11,41].

In the present work an attempt is made to derive a
charge-independent effective interaction which is appro-
priate for shell-model calculations in the gp-space. The
method followed is similar to that of the SLG [7,8] and
GF [9] calculations, but the number of experimental data
considered here, about 500, is much larger than those con-
sidered in the two earlier fits. Moreover, these data include
information on N = 47, 48 nuclei but also on proton-rich
nuclei like 98Cd, 97Ag, 94-96Pd, 92-95Rh etc., i.e. nuclei
which are outside the range of those treated in the SLG
and GF investigations.

Details of the calculation are given in sect. 2 while the
results of the calculation are presented in sect. 3. Finally,
sect. 4 contains some discussion on our work.

Table 1. Coulomb matrix elements (in keV).

Matrix element J Value

〈g2|V |g2〉 0 338

2 292

4 263

6 250

8 252

〈g2|V |p2〉 0 −14

〈gp|V |gp〉 4 268

5 274

〈p2|V |p2〉 0 309

2 Description of the calculation

Our determination of the effective interaction follows
closely the SLGT approach [8]. Thus, charge indepen-
dence of the nuclear interaction is directly introduced in
the calculation by expressing the 2-body matrix elements
in isospin formalism. There are 18 2-particle (hole) matrix
elements in the gp-space and these are treated as parame-
ters to be determined by the least-square fit procedure. All
other required 2-body matrix elements, like the proton-
neutron or proton-proton interactions, are at each stage
of the calculation related to the 18 isospin elements. The
2-proton interaction, in particular, is obtained by adding
to the T = 1 matrix elements the Coulomb contributions
listed in table 1.

There are 4 more parameters considered in the calcu-
lation which correspond to single-particle energies. In our
approach we assume the doubly magic nucleus 100

50Sn as in-
ert core and describe all nuclei in the range 38 ≤ Z,N ≤
50 in terms of 50 − Z proton and 50 − N neutron holes.
Thus the 4 extra parameters describe the 2-proton and
the 2-neutron single-hole energies relative to 100Sn.

The selection of 100Sn as core was made because it
offers a more symmetric treatment of protons and neu-
trons. It has, also, the practical advantage that one does
not need to transform, at each stage of the calculation,
the 2-body interaction to the particle-hole representation,
which is required with a 88Sr core. Such a transformation
is accomplished by means of the Pandya relation [42]

〈j1, j−1
2 ;J |V |j3, j−1

4 ;J〉 =

−
∑
L

(2L + 1)
{

j1 j2 J
j3 j4 L

}
〈j1, j4;L|V |j3, j2;L〉 . (1)

Generally, the choice of 100Sn or 88Sr as core produces
no difference on the final results. However, a practical dif-
ference occurs if one wants to follow the SLG approach [8]
and use the 87Sr experimental energies, given by

εν
9/2 = 11.113 MeV, εν

1/2 = 11.501 MeV (2)

in order to fix the single-neutron hole energies relative to
88Sr. In our approach the reproduction of the 87Sr ener-
gies can be accomplished by introducing, as constraints



I.P. Johnstone and L.D. Skouras: Effective interactions for shell-model studies in the 0g9/2-1p1/2 space 127

between the parameters, the following equation:

Eν
j +

1
2j+1

∑
l=p,g

∑
J

(2J + 1)〈jν lπ;J |V |jν lπ;J〉=εν
j , (3)

where Ej , j = 9/2, 1/2, represents the single-hole energy
relative to 100Sn, εν

j are defined in eq. 2, while the proton-
neutron matrix elements are related to the parameters of
the calculation 〈jl;JT |V |jl;JT 〉. In a similar fashion to
eq. (3), one can also introduce constraint equations which
help to reproduce the 89Y energies relative to 88Sr. These
are:

Eπ
j +

1
2j+1

∑
l=p,g

(1+δjl)
∑

J

(2J+1)〈jl;J |V |jl;J〉 =

− επ
j −

1
2j+1

∑
l=p,g

(1+δjl)
∑

J

(2J+1)〈jl;J |C|jl;J〉. (4)

In the above equation 〈jl;J |V |jl;J〉 are the nuclear matrix
elements between two protons in orbits j, l, 〈jl;J |C|jl;J〉
the corresponding Coulomb elements, while επ

j represent
the 89Y energies relative to 88Sr, i.e.

επ
9/2 = −6.162 MeV , επ

1/2 = −7.071 MeV . (5)

The 22 parameters of our calculation were determined
by a least-square fit to the experimental data of 38 ≤ Z ≤
50 and 47 ≤ N ≤ 50 nuclei. Details of the fitting procedure
are given in the book of Brussaard and Glaudemans [43]
and need not be repeated here. The quantity which is
minimized is the χ2 defined [9] as

χ2 =
D∑

i=1

(Eexp
i − Ecal

i )2 +
4∑

j=1

wj∆
2
j , (6)

where D is the number of experimental data, while Eexp

and Ecal represent experimental and calculated energies,
respectively. The second term on the r.h.s of eq. (6) takes
care of the 4 constraints defined in eqs. (3)-(4). Here ∆j is
the deviation between the l.h.s and the r.h.s of constraint
j [9], while wj is the weight factor. We use a different
weight for each constraint which can take the values 0 (no
constraint) or 1000.

The quality of the fit can be measured by the root-
mean-square deviation [43]

rms =

√
χ2

D − P
, (7)

where P is the number of parameters. However, to com-
pare our results with other calculations, where different
number of parameters and constraints are used, we prefer
to consider the mean level deviation [9]

mld =

√
χ2

D
. (8)

In our initial attempt to fit the effective interaction
for the gp-space, we considered a set of 519 experimental

data. These data consisted of binding energies [44] and
excitation energies [13,22,23,32–34,45]of the following 36
nuclei: 85-87Sr, 86-89Y, 87-90Zr, 88-91Nb, 89-92Mo, 90-93Tc,
91-94Ru, 92-95Rh, 94-96Pd, 97Ag and 98Cd. The 519 data
can also be distributed in the following way: 91 correspond
to N = 50 nuclei, 120 to N = 49, 149 to N = 48, while
the remaining 159 to N = 47 nuclei. Finally, it should be
mentioned that the experimental data considered in our
work contained levels of both definite and tentative spin-
parity assignments. The latter were included under the
condition that they could be reproduced within 1 MeV by
the SLGT and GF interactions.

The results of this first calculation were not satisfac-
tory, despite the fact that the obtained mld = 169 keV
is considerably smaller than the 228 keV and 222 keV
values obtained, for the same data, with the SLGT and
GF interactions. Thus there were some large deviations
between experimental and calculated energies, which in
certain cases were of the order of 650 keV. Most of these
large deviations occured for states with tentative Jπ as-
signements, like the possible 35/2+ and 41/2+ states of
93Rh at 5.157 and 6.922 MeV or the possible 10+ of 86Y
at 1.326 MeV. There were, however, also states with defi-
nite Jπ assignments, like the 2+ of 86Sr at 1.077 MeV and
the 7/2+ of 85Sr at 232 keV, for which the calculated ener-
gies were about 500 keV too high. In view of the fact that
in the 87Sr spectrum there are low-lying 3/2− and 5/2−
states, one cannot exclude the possibility that the low-
lying states of the 85Sr and 86Sr contain large admixtures
from configurations outside the gp-space.

It is well known [8,9] that the inclusion in the fitting
procedure of data which are not well described in the cho-
sen model space, produces a general deterioration of the
other results. For this reason, we removed from the fitting
procedure all data for which there was a large deviation
between experimental and calculated values. This elimi-
nation, which was accomplished in several steps, resulted
in a set of 477 experimental data which can be satisfacto-
rily reproduced by the calculation. From these 477 data,
85 correspond to N = 50 nuclei, 114 to N = 49, 139 to
N = 48 and 139 to N = 47.

At this point, it should be mentioned that the removal
of the 42 levels from the original experimental data set of
519, described above, was not always a well-defined pro-
cedure. Thus, there were several levels among those 42,
which could be satisfactorily reproduced if a smaller num-
ber of nuclei was considered in the fitting calculation. This
is the case, for example, with the 12 removed N = 50, 49
levels. As discussed below, these 12 levels can be satis-
factorily reproduced in a fitting calculation where only
N = 50, 49 nuclei are examined.

A general survey of the results obtained from the fit-
ting of the 477 levels, discussed above, is shown in ta-
ble 2, where results obtained with other effective interac-
tions [8,9,26] are also included for comparison. Table 2
shows the distribution of the 477 levels into various en-
ergy intervals. Each interval represents the range of de-
viation between experimental and calculated levels. The
two columns marked as F-FIT and C-FIT in table 2
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Table 2. Quality of the 477 level fit.

Deviation Number of levels

in keV F-FIT C-FIT GF SLGT ref. [26]

0–50 164 157 124 123 99

51–100 103 104 84 85 98

101–150 88 89 77 78 77

151–200 58 55 57 58 63

201–250 34 43 40 42 28

251–300 27 23 40 27 36

301–350 2 5 17 22 23

351–400 1 0 14 11 16

401–500 0 1 17 18 18

> 500 0 0 7 13 19

mld 128 131 198 206 226

correspond to two different determinations of the effective
interaction which are described below.

The F-FIT (free fit) interaction was obtained with-
out using any constraints. The results of this calculation
produce the lowest mld value of 128 keV, while they re-
produce 474 out of the 477 data within 300 keV. In fact,
the vast majority of results obtained in the F-FIT calcu-
lation are within 200 keV from the experimental data. As
table 2 shows, there are only three levels in the F-FIT
results for which the deviation from experiment is larger
than 300 keV. The first of these is the 6+ state of 98Cd,
which the calculation produces 307 keV too high, while the
other two are the 0+ state of 88Y at 766 keV, calculated to
be 318 keV too low, and the 1/2− state of 87Sr at 389 keV
which the calculation predicts to be only 14 keV above the
ground state. This last result is rather disappointing, since
one of the basic assumptions of the g9/2-p1/2 model is that
87Sr is a 1-neutron hole nucleus with respect to 88Sr. It
was because of this assumption that the 1/2− state of 87Sr
was not removed from the data considered in the fitting
procedure.

To correct the 87Sr situation, we have attempted an-
other calculation, marked as C-FIT (constrained fit) in
table 2, in which the constraints (3) were considered in
the fitting procedure. The results of this last calculation
reproduce within 1 keV the 87Sr spectrum. However, as ta-
ble 2 shows, the mld value is increased to 131 keV, while
there is a level which now deviates from experiment by
more than 400 keV. This is the 0+ state of 88Y, discussed
above, which the C-FIT calculation produces 478 keV too
low. Not shown in table 2 are the results of a third calcu-
lation in which all constraints (3) and (4) were considered
and which produces mld = 136 keV. Since, however, the
89Y experimental levels are reproduced within 150 keV by
both F-FIT and C-FIT calculations the inclusion of the
type (4) constraints was not considered necessary.

As table 2 shows, the mld values corresponding to re-
sults obtained with the SLGT [8] and GF [9] interactions
are considerably larger than our results. This is easily un-
derstood, since the set of experimental data considered in

Table 3. Matrix elements of the effective Hamiltonian
(in MeV), obtained from the 477 level fit.

Matrix J, T F-FIT C-FIT GF SLGT
element

Eπ
g 3.017 2.971 2.921 2.993

Eπ
p 3.380 3.428 3.531 3.379

Eν
g 17.35 17.32 17.91 17.34

Eν
p 18.35 18.21 18.39 18.19

〈g2|V |g2〉 0,1 −2.089 −2.102 −2.070 −2.039

1,0 −1.038 −0.987 −1.322 −1.517

2,1 −0.919 −0.922 −0.937 −0.906

3,0 −0.785 −0.750 −0.700 −0.747

4,1 −0.094 −0.086 −0.160 −0.106

5,0 −0.495 −0.493 −0.447 −0.564

6,1 0.172 0.178 0.140 0.190

7,0 −0.447 −0.446 −0.640 −0.648

8,1 0.311 0.322 0.241 0.321

9,0 −1.751 −1.759 −1.752 −1.504

〈g2|V |p2〉 0,1 0.870 0.868 0.890 0.869

1,0 −0.327 −0.320 −0.565 0.148

〈gp|V |gp〉 4,0 −1.683 −1.807 −1.319 −1.696

4,1 0.598 0.626 0.412 0.452

5,0 −0.469 −0.373 −0.671 −0.423

5,1 −0.186 −0.218 −0.188 −0.077

〈p2|V |p2〉 0,1 −1.113 −1.118 −0.774 −0.850

1,0 −1.625 −1.246 −1.550 −1.392

our fitting procedure is more than 4 times larger than that
of the two earlier calculations. As table 2 also shows, the
mld value obtained with the Herndl and Brown model [26]
is quite larger than the SLGT result, despite the fact that
the two calculations use the same isospin matrix elements.
A possible explanation for this result is that Herndl and
Brown [26] did not take into account the small, but not
negligible, state dependence of the Coulomb interaction.

The matrix elements of the effective Hamiltonian ob-
tained from the two 477 level fits, described above, are
listed in table 3 together with those of the GF and SLGT
interactions. As table 3 shows, there is a strong similarity
between the 4 interactions in all matrix elements in which
only the g9/2 orbital is involved. This similarity, however,
ceases to exist for matrix elements involving the p1/2 or-
bital, while the discrepancies are quite large for those in-
volving the (p1/2)2 configuration. Another example and a
possible explanation of this behaviour are discussed below.

Shell-model calculations using the F-FIT and C-FIT
interactions are expected to describe satisfactorily most
of the observed nuclear properties of the 38 ≤ Z ≤ 50 and
47 ≤ N ≤ 50 nuclei and, in many cases, make useful pre-
dictions about others not yet detected. However, if one is
interested in the description of a smaller number of nuclei,
then these two interactions might not be the most appro-
priate. This is demonstrated in table 4, which shows the
results obtained with the F-FIT and C-FIT interactions
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Table 4. Comparison of experimental and calculated energies
for selected states of the N = 50, 49 nuclei.

Nucl. Jπ Eexp Eth-Eexp (keV)

keV F-FIT C-FIT S-FIT SLG

91Nb 3/2− 1312 328 337 118 123

11/2− 2413 589 629 205 281

15/2− 2660 636 695 195 273
94Ru 0+ 2995 −452 −423 −234 −379
96Pd 10+ 3784 347 350 189 239

12+ 4574 411 422 182 305
87Sr 1/2− 389 −375 −1 −237 0
88Y 0+ 765 −318 −475 −137 85
90Nb 1+ 382 604 612 343 124
92Tc 1+ 711 620 638 266 −102

6+ 966 −351 −351 −302 −331
94Rh 17+ 4498 403 401 108 273
95Pd 29/2+ 3999 348 338 112 268

33/2+ 4679 447 445 124 332
98Cd 6+ 2228 307 295 200 236

mld (keV) 161 165 113 127

for some selected levels of the N = 50, 49 nuclei and also
includes the mld value corresponding to 211 levels of these
nuclei. It should be reminded that 211 was the number of
N = 49, 50 levels considered in the original 519 data set
and 12 of them were removed in the determination of the
F-FIT and C-FIT interactions. These states are now in-
cluded in table 4 together with the 1/2− of 87Sr, the 0+ of
88Y and the 6+ of 98Cd, discussed above. Thus, table 4 in-
cludes all states which the F-FIT and C-FIT calculations
fail to reproduce satisfactorily. Also shown in the table are
the results of two other calculations. The first, denoted as
S-FIT (special fit), uses an effective interaction specially
obtained by fitting to the 211 data of N = 49, 50 nuclei.
The other corresponds to the isospin non-conserving SLG
interaction [8].

As table 4 shows, the mld values obtained by the F-FIT
and C-FIT calculations for the 211 levels of the N = 49, 50
nuclei are quite large. This should be attributed to the in-
clusion in the χ2 of states which, as table 4 shows, the
two calculations reproduce badly but also to the reduc-
tion of number D in eq. (8) to 211 from the 477 value
used in table 2. Not shown in table 4 are the mld values
corresponding to the SLGT and GF interactions, which
are 193 and 169 keV, respectively. The last value is quite
close to the value obtained in the F-FIT and C-FIT re-
sults. However, a drastic reduction to mld is obtained, as
table 4 shows, when the isospin non-conserving SLG inter-
action is used. This is a remarkable result, in view of the
fact that the SLG interaction was derived using only 108
data, and can only be improved by a special fit (S-FIT)
to the 211 data of the N = 49, 50 nuclei. This last calcu-
lation produces a vast improvement on F-FIT and C-FIT
results of table 4. It should be mentioned, however, that

Table 5. Matrix elements of the effective Hamiltonian
(in MeV) expressed in the particle-hole formalism.

Matrix J F-FIT C-FIT S-FIT SLG
element

εg −6.231 −6.235 −6.268 −6.248

εp −6.952 −6.946 −7.089 −7.124

εg−1 11.096 11.113 11.206 11.113

εp−1 11.110 11.500 11.357 11.501

〈g2|V |g2〉 0 −1.751 −1.764 −1.652 −1.705

2 −0.627 −0.630 −0.546 −0.615

4 0.169 0.177 0.215 0.155

6 0.422 0.428 0.423 0.437

8 0.563 0.574 0.551 0.570

〈g2|V |p2〉 0 0.856 0.854 0.922 0.853

〈gp|V |gp〉 4 0.866 0.894 0.714 0.716

5 0.088 0.054 0.168 0.194

〈p2|V |p2〉 0 −0.804 −0.809 −0.419 −0.544

〈gg−1|V |gg−1〉 0 5.399 5.404 5.605 5.145

1 2.750 2.802 2.676 1.945

2 1.085 1.062 1.163 1.068

3 0.981 0.991 0.948 0.817

4 0.218 0.212 0.264 0.368

5 0.264 0.257 0.287 0.331

6 0.078 0.079 0.106 0.161

7 0.147 0.145 0.150 0.162

8 0.162 0.151 0.128 0.120

9 0.908 0.889 0.904 0.934

〈gg−1|V |pp−1〉 0 2.642 2.638 2.301 2.660

1 −1.283 −1.464 −1.135 −1.389

〈gp−1|V |gp−1〉 4 0.306 0.267 0.188 0.238

5 0.521 0.561 0.521 0.297

〈gp−1|V |pg−1〉 4 0.334 0.331 0.066 0.165

5 −0.080 −0.082 −0.326 −0.160

〈pg−1|V |pg−1〉 4 0.306 0.267 0.188 0.371

5 0.521 0.561 0.521 0.569

〈pp−1|V |pp−1〉 0 1.881 1.310 1.608 2.278

1 1.369 1.183 1.021 1.299

Eπ
g 3.017 2.971 2.981 2.992

Eπ
p 3.380 3.428 3.401 3.380

Eν
g 17.35 17.32 17.52 17.40

Eν
p 18.35 18.21 17.35 17.29

the S-FIT interaction compares unfavourably with F-FIT
and C-FIT, when applied to studies of N = 47, 48 nuclei.

As discussed above, all interactions determined in this
work are charge-independent and this property applies to
the S-FIT interaction also. Now it is interesting to observe
in table 4 that there are 2 states, the 1+ of 90Nb and the
1+ of 92Tc, for which the SLG results are in much closer
agreement with experiment than the S-FIT results. It has
been pointed by Gross and Frenkel [9], that the ability of
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Fig. 1. Experimental and calculated levels of 92Mo. Energies
are given in keV.

the SLG interaction to reproduce these two 1+ states is
due to the isospin impurities in its matrix elements.

The four interactions discussed in table 4 are com-
pared in table 5. In view of the fact that the SLG in-
teraction does not conserve isospin, we use in table 5 the
proton-neutron formalism. The particle-hole formalism is
also used, so that the matrix elements listed in the table
are suitable for shell-model calculations employing 88Sr as
core. It should also be mentioned, that the 2-particle ma-
trix elements of table 5 represent 2-proton interaction, i.e.
the Coulomb contibution of table 1 has been added to our
2-particle elements. At the bottom of the table we list, for
comparison reasons, the single-hole energies correspond-
ing to the 100Sn core.

The remarks made with respect to behaviour of the
matrix elements in table 3 apply also to those of table 5.
Thus there is strong similarity among the matrix elements
of the four interactions when only the g9/2 orbital is in-
volved, while there are discrepancies among matrix ele-
ments containing the p1/2 orbital. The most clear example
of these discrepancies appears in the last entry of table 5,
where the p1/2 neutron hole energy obtained in the S-FIT
and SLG calculations appears to be about 1 MeV lower
from that of the other two interactions. Such behaviour
suggests that the neutron p1/2 admixtures, in the major-
ity of levels considered in the calculation, are too weak to
be accurately determined in the fitting.

Fig. 2. Experimental and calculated levels of 91Mo. Energies
are given in keV.

3 Results

In this section we compare with experiment some of the re-
sults obtained from our calculation. We also present some
predictions of our model regarding proton-rich nuclei in
the vicinity of 100Sn. All the results presented in this sec-
tion were obtained with the F-FIT interaction which, as
described in sect. 2, produces best overall agreement with
the available experimental data.

Figures 1-6 contain experimental and calculated spec-
tra of nuclei included in the fitting procedure. These were
chosen to represent all 4 classes of nuclei considered in the
calculation. Thus fig. 1 shows the spectrum of the N = 50
nucleus 92Mo, while fig. 2 that of the N = 49 nucleus
91Mo. The spectra of the N = 48 nuclei 91Tc and 92Ru
are shown in figs. 3 and 4, respectively. Finally, the spec-
tra of the N = 47 nuclei 92Rh and 90Tc are compared
with experiment in figs. 5-6. In spectra of odd nuclei, the
number shown in the left of each level stands for 2Jπ. Also
a star on the left of an experimental level denotes that the
Jπ assignment to this level is tentative.

As may be seen in fig. 1, the calculation reproduces, in
a very satisfactory manner most observed levels of 92Mo,
including those with a tentative Jπ assignement, up to
about 6 MeV of excitation. The only exception to this
agreement occurs with the 3− state at 2.85 MeV, which
the calculation predicts to be about 700 keV higher in
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Fig. 3. Experimental and calculated levels of 91Tc. Energies are given in keV.

Fig. 4. Experimental and calculated levels of 92Ru. Energies are given in keV.
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Fig. 5. Experimental and calculated levels of 92Rh. The theoretical spectra marked (a) and (b) were determined using the
F-FIT and GF interactions, respectively. The (c) spectrum was obtained in the calculation of Herndl and Brown [26].

excitation. This particular state is also badly reproduced
in previous shell-model studies of 92Mo [8,9,38] and for
this reason was excluded even from the original 519
data set.

In the case of 91Mo, shown in fig. 2, the calculation
fails to reproduce the 3/2− atate at 1.156 MeV and the
5/2− at 1.531 MeV. As has been demonstrated by Sinatkas
et al. [38], to account for these two states one needs to
include in the model space the p3/2 and f5/2 orbitals. As
fig. 2 shows, all other known states of 92Mo, up to about
6.5 MeV excitation, are very accurately reproduced by the
calculation.

As may be seen in fig. 3, there is a very satisfactory
agreement between the experimental and theoretical spec-
tra of 91Tc. This agreement is most impressive in the case
of negative parity states where, up to about 8 MeV, the
difference between experimental and calculated excitation
energies is, in most cases, only a few keV. In the case of
positive parity states the same satisfactory agreement ex-
ists up to 6.5 MeV, while for higher excitations the differ-
ences between experimental and theoretical energies tend
to increase. It appears that at such high excitation en-
ergies the effects of configurations outside the gp-space

become evident. This is supported by the presence in the
experimental spectrum, just above 8 MeV, of two possi-
ble 39/2+ and two possible 41/2+ neighbouring states. In
the gp-space only one 39/2+ and one 41/2+ can be ac-
counted for.

A final remark should be made about 91Tc. All ob-
served levels of this nucleus, including its ground state,
have still tentative spin-parity assignments [32]. As fig. 3
shows, the results of the calculation confirm these assign-
ments.

In the case of 92Ru, shown in fig. 4, the calculation
cannot describe satisfactorily the two possible 16+ states
observed to be [45] at 5.742 and 6.145 MeV. In this case
the calculation is in better agreement with the results of
an earlier experiment [33], where only the 16+ state at
6.145 MeV was observed. For all other states of 92Ru there
is an impressive agreement between experiment and the-
ory, as demonstrated in fig. 4. Actually, in this case a com-
parison between the experimental and theoretical spectra,
up to about 9.5 MeV of excitation, does not provide any
evidence of configurations outside the gp-space. Such evi-
dence is provided only at about 11 MeV of excitation by
the observation [33] of states with possible spins of 21+,
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Fig. 6. Experimental and calculated levels of 90Tc. Energies are given in keV.

Fig. 7. Experimental and calculated levels of 89Tc. Energies are given in keV.
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22− etc., i.e. states which cannot be described in the gp-
space.

The N = 47 nucleus 92Rh has recently been the sub-
ject of both experimental [23,32] and theoretical [23,26]
studies. In fig. 5 we compare with the experiment the re-
sults of shell-model calculations using the F-FIT and GF
interactions. Also included in fig. 5, for comparison rea-
sons, are the results obtained by Herndl and Brown [26].
The model employed in this last calculation has been de-
scribed in sect. 1.

As fig. 5 shows, up to about 5 MeV of excitation, the
results of all three calculations are quite similar and in
close agreement with experiment. This situation changes,
however, at higher excitations. Thus the Herndl and
Brown calculation [26] produces the 19− and 21− states
at too high excitation, while the results obtained with the
other two interactions remain in close agreement with ex-
periment. This behaviour in the Herndl and Brown results
should be attributed to their use of the SLGT interaction,
since calculations on high-spin states of other nuclei, using
this interaction, follow a similar trend to 92Rh.

Another interesting feature in fig. 5 is that all calcula-
tions predict 2+ and 4+ low-lying states, which have not
yet been observed in experiment. The case of the 2+ state
presents special interest because, if that state exists, its
proximity to the ground state together with their angular
momentum difference must make it a long-lived state.

The nucleus 90Tc presents a special interest because
of the conflicting information about its ground-state spin.
Thus, the NNDC [32] compilation suggests that the
ground state of 90Tc is a 1+ state while Rudolph et al. [13]
observed a 8+ lowest state. The results of our calculation,
as well as of calculations using the SLGT and GF inter-
actions, support the 8+ assignment to the ground state.
Thus the lowest 1+ state of 90Tc is predicted to be 457 keV
(SLGT), 915 keV (GF) or 799 keV (our result) above the
8+ state. For this reason the spectrum of 90Tc, shown in
fig. 6, has been drawn on the assumption that the ground
state is a 8+ state.

As seen in fig. 6, the agreement between the theoreti-
cal and experimental spectra of 90Tc is most satisfactory.
Thus all states observed in experiment are accounted for
by the calculation, while the difference between experi-
mental and calculated energies is, in most cases, less than
100 keV. It should be noted that the calculation predicts
several other states which have not yet been observed in
experiment. The most notable of these states is the lowest
2+ predicted to be only 43 keV above the ground state.
If the presence of such a state, at about the predicted en-
ergy, is confirmed in future experiments then this 2+ must
constitute the case of an isomeric state.

In all figures presented so far, most of the energy lev-
els shown were included in the fitting procedure. Thus,
the observed agreement between theory and expreriment
gives a more detailed description of the quality of the fit
from that already presented in table 2. However, a very
useful test of our interaction would be to use it to calculate
spectra of nuclei not included in the fitting. The results of
such a calculation are presented in fig. 7, which shows the

experimental [21] and theoretical spectra of the N = 46
nucleus 89Tc. As this figure shows, the calculation fails to
reproduce satisfactorily the two observed levels at 998 and
1682 keV, for which there is a tentative Jπ assignement
of 7/2− and 11/2−, respectively. However, calculations us-
ing the GF and SLGT [26] interactions also show a similar
failure. For all other states of 89Tc the agreement between
experiment and theory is very satisfactory, although not
as impressive as that of the previous figures.

Of course, the agreement between experiment and the-
ory could be improved if the levels of 89Tc, together with
those of other N = 46 nuclei, were included in the fitting.
However, as pointed by Rudolph et al. [13] and recently by
Kalindo et al. [27], the low-lying states of N = 46 nuclei
show a collective character which is difficult to describe
by a shell-model calculation in a very small space.

As discussed in sect. 2, the binding energies of the
38 ≤ Z ≤ 50, 47 ≤ N ≤ 50 nuclei were considered
in the determination of the effective interaction. Table 6
shows a comparison between experimental [44] and calcu-
lated binding energies. In this table the symbol # denotes
that the experimental value was deduced from systematic
trends. Such values were not included in the fitting proce-
dure.

To determine binding energies in a shell-model calcu-
lation, one needs to know the experimental ground-state
energy of the core state. In our case this was not possi-
ble since, as table 6 shows, there is still great uncertainty
about the experimental binding energy of 100Sn. For this
reason, binding energies were calculated with respect to
88Sr in the following manner:

BEcal
A = −(Ecal

A − Ecal
88Sr) + 768.467 MeV, (9)

where A is the nucleus under study, Ecal
A its calculated

ground-state energy, while 768.467 MeV is the experimen-
tal [44] binding energy of 88Sr which, as table 6 shows, is
known with great accuracy.

As table 6 shows, there is a satisfactory agreement be-
tween experimental and calculated binding energies, in all
cases where the experimental value is measured. Thus, out
of 27 such cases, only in 4 the difference between exper-
imental and calculated values exceeds 200 keV. It is in-
teresting to observe that near the end of the table, where
proton-rich nuclei are listed, the calculation produces, gen-
erally, larger values than those deduced from systematic
trends. A similar feature was also observed in a recent
shell-model study by Johnstone and Skouras [41]. The pos-
sibility that systematic trends might underestimate the
binding energies of proton-rich nuclei is supported by the
recent measurement of the mass of 100Sn [46], which gives
the value of (825.785±0.900) MeV for the binding energy
of that nucleus.

We conclude this section by describing the predictions
of the calculation on isomeric states. We have already dis-
cussed two possible such states, i.e. the low-lying 2+ states
of 92Rh and 90Tc. Another possibility is a 4+ state of 88Nb
which the calculation predicts to be only 66 keV above the
ground state 8+. Another very interesting case occurs in
93Pd, where the calculation predicts the ground state to
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Table 6. Experimental and calculated binding energies
(in MeV) of 47 ≤ N ≤ 50 nuclei. All experimental data are
taken from the 1995 mass tables [44]. The symbol # denotes
an estimate from systematic trends.

Z Nucleus BEexp σ BEcal

38 85Sr 737.436 0.003 737.228
86Sr 748.926 0.002 748.860
87Sr 757.354 0.002 757.368
88Sr 768.467 0.002 768.467

39 86Y 742.904 0.014 743.004
87Y 754.910 0.003 754.850
88Y 764.062 0.003 764.143
89Y 775.538 0.003 775.419

40 87Zr 750.250 0.008 750.106
88Zr 762.606 0.010 762.544
89Zr 771.923 0.005 771.958
90Zr 783.893 0.002 783.820

41 88Nb 754.620 0.200 # 754.448
89Nb 766.851 0.040 767.028
90Nb 777.000 0.005 777.033
91Nb 789.052 0.003 789.041

42 89Mo 760.492 0.015 760.509
90Mo 773.728 0.006 773.724
91Mo 783.836 0.011 783.866
92Mo 796.508 0.004 796.397

43 90Tc 763.988 0.240 763.713
91Tc 776.829 0.200 777.076
92Tc 787.855 0.026 787.893
93Tc 800.595 0.004 800.552

44 91Ru 768.647 0.500 768.506
92Ru 782.548 0.300 # 782.596
93Ru 793.479 0.090 793.509
94Ru 806.849 0.013 806.785

45 92Rh 770.716 0.400 # 770.726
93Rh 784.597 0.400 # 784.764
94Rh 796.438 0.450 # 796.486
95Rh 809.910 0.150 809.874

46 93Pd 774.345 0.400 # 774.060
94Pd 789.066 0.400 # 789.107
95Pd 800.937 0.400 # 800.885
96Pd 815.039 0.150 815.024

47 94Ag 775.234 0.500 # 775.569
95Ag 790.105 0.400 # 790.053
96Ag 802.406 0.400 # 802.884
97Ag 816.938 0.400 # 817.036

48 96Cd 793.394 0.500 # 793.144
97Cd 805.965 0.500 # 805.949
98Cd 820.897 0.210 # 821.117

49 99In 821.636 0.500 # 821.969

50 100Sn 824.875 0.430 # 825.040

be a 7/2+ state but only 3 keV above it is a 9/2+ state.
Whichever of these two states is the excited state it must
be a very long-lived one. Finally isomeric states are pre-
dicted to exist in the odd-odd proton-rich nuclei 96Ag,
94Ag and 98In. In 96Ag the ground state is predicted to be
a 2+ state but only 90 keV above is a 8+. Again the real
order of the 2 states is immaterial, since the excited one
must be isomeric. In both 94Ag and 98In the calculation
predicts the ground state to be a 0+. The first excited
state in 94Ag is predicted to be a 7+ at 760 keV, while in
98In a 9+ at 626 keV.

4 Discussion

In this paper we presented results on effective interac-
tions which are appropriate for shell-model studies in the
gp-space. These interactions were determined by a least-
square fit to 477 observed levels of 38 ≤ Z ≤ 48 and
47 ≤ N ≤ 50 nuclei.

The least-square fit method appears to be the most
suitable for determining the effective interaction for the
gp-space because of the proximity in energy of the g9/2

and p1/2 orbitals to the other orbitals of the fp and gds
shells. Thus, due to this proximity, an attempt to derive
the effective interaction for the gp-space by perturbation
techniques [38] produced very unsatisfactory results.

The results of our calculation, presented in sect. 3, are,
in most cases, in very satisfactory agreement with experi-
ment. Thus, the interactions determined in this work may
be considered as improved versions of the earlier SLG and
GF interactions. This is due to the fact that our calcu-
lation used a much larger set of experimental data than
that considered in the two earlier ones.

There are problems in any attempt, like ours, to fit
simultaneously the observed spectra of nuclei in the wide
85 ≤ A ≤ 100 mass range. One of the problems occurs
because of the different behaviour of nuclei at the two
ends of the gp-space. Thus it is known, both experimen-
tally [32] and theoretically [38], that the wave functions of
nuclei at the lower end of the gp-space contain appreciable
admixtures from the p3/2 and f5/2 orbitals. On the other
hand, Johnstone and Skouras [40] have recently demon-
strated the role of particle-hole excitations, from the gp-
space to the (g7/2, d5/2, d3/2, s1/2) space above, in nuclei
near mass A = 100. It is not certain that a fitting calcu-
lation, which only treats the projections of the true wave
functions onto the model space, can simultaneously take
care of both these two types of admixtures.

Another, but related, problem has to do with the in-
clusion in the fitting of nuclei with quite different number
of neutrons, i.e. N = 50 to N = 47. Now, because of the
Pauli blocking effect, particle-hole excitations, from either
the fp or to the gds shells, are expected to have different
importance on nuclei with different valence neutrons.

It is, possibly, because of these two problems that the
calculation fails to describe satisfactorily( F-FIT case) the
spectra of two nuclei which in the gp-space have a very
simple description. These are 87Sr, i,e a single neutron-
hole nucleus with respect to 88Sr, and 98Cd, which is
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described in terms of two proton holes with respect to
100Sn. As described in sect. 2, the 87Sr case can be im-
proved by means of constraints (C-FIT), but this pro-
duces a deterioration on the agreement with experiment
for the 0+ state of 88Y. However, this conflict between
87Sr and 88Y results is most probably due to the inclusion
of N = 47–48 data, since a fitting of only the N = 50–49
energy levels (S-FIT) reproduces satisfactorily both the
1/2− of 87Sr and the 0+ state of 88Y.

It is important to note that our calculation, with the
exception of SLGT, uses a smaller number of parameters,
i.e. only 22, compared to previous determinations of the
effective interaction in the gp-space [8,9]. Moreover, the
nuclear part of our 2-body interaction strictly conserves
isospin. This property was not observed in the SLG cal-
culation [8], or was only approximately introduced in the
GF interaction, by means of constraints of weight 3 [9].

Although the idea of producing a charge-independent
interaction is very attractive, perhaps it should be aban-
doned in future determinations of the effective Hamil-
tonian in the gp-space. Thus if, following the SLG ap-
proach [8], the proton, neutron and proton-neutron ma-
trix elements are treated as independent, then the num-
ber of parameters would increase to 42. This number is
still less than 10% of the currently available experimental
data. However, the increase of the number of independent
parameters to 42 from 22 would, most probably, produce
a better agreement between experiment and theory than
that obtained in this work. Another interesting aspect of
such a project would be to examine the degree of charge-
independence violation in the gp-space.

The authors wish to thank Dr. C.A. Kalfas for his valuable
assistance in the preparation of this manuscript.
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